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A shape identi� cation problem (or an inverse geometry heat conduction problem) is solved to detect
the unknown shape of multiple cavities by using the steepest descent method (SDM). One of the advan-
tages of using the SDM lies in that it easily can handle problems having a large number of unknown
parameters. The boundary element method is used to calculate the direct as well as the sensitivity and
adjoint problems because of its characteristic of easily handling the problem considered here. Results
obtained by using the SDM to solve the inverse problems are veri� ed based on the numerical experiments.
One concludes that the SDM is applied successfully in estimating the arbitrary shape of cavities, and the
rate of convergence is also very fast. Moreover, the accuracy of the inverse solutions depends on the
positions of the sensors. When the sensors are arranged closer to the cavities, the estimated results are
more accurate. Finally, the effects of the measurement errors on the inverse solutions are discussed.

Nomenclature
f(x, y) = unknown irregular cavities con� guration
G, H = geometry-dependent matrix
J = functional, Eq. (5)
J9 = gradient of functional, Eq. (14)
q = heat � ux density
T(x, y) = estimated dimensionless temperature
Y(x, y) = measured temperature
b = search step size
G = boundary of the computational domain
DT(x, y) = sensitivity function, Eq. (7)
d( ) = Dirac delta function
« = convergence criteria
l(x, y) = Lagrange multiplier de� ned by equation (12)
s = standard deviation of the measurement errors
V = computational domain
v = random number

Superscripts
n = iteration index

ˆ = estimated values
* = fundamental solution

I. Introduction

T RADITIONAL inverse heat conduction problems, such as
the determination of boundary conditions,1 thermal prop-

erties,2 heat generation,3 contact resistance,4 etc., can be found
in several engineering � elds. Recently, inverse geometry prob-
lems (shape identi� cation problems) have become another area
of active research, and many researchers have used infrared
scanners in their applications to nondestructive evaluation
(NDE).
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Hsieh and Su5 used pattern recognition techniques and an-
alytical methods to detect regularly shaped subsurface cavity
walls included in regular bounded domains. Hsieh and Kassab6

successfully detected a cavity with irregularly shaped walls
contained within a bounding body whose walls are restricted
to be parallel to a separable coordinate system. Kassab and
Hsieh7 detected the back-surface position in a corner region.
Hsieh et al.8 coupled the boundary-element method with the
inverse problem in cavity estimation. More recently, Kassab
and Pollard9 used a cubic spline anchored grid pattern (AGP)
algorithm in estimating the irregular cavity. In Ref. 9 only a
very few elements were used to describe the unknown cavity
because the technique they used belongs to parameter esti-
mation,10 i.e., a small number of unknown parameters are to
be estimated. However, one should note that for a cavity with
a very complicated shape, the number of elements used should
be increased; otherwise accurate solutions cannot be obtained.

The preceding reviewed literature indicates that the tech-
niques used belong to the parameter estimation10; therefore,
when the number of unknown parameters is increased tremen-
dously (such as in the problem of estimating very complicated
shapes of the cavities or in the unsteady-state problem), the
algorithm may converge very slowly or even may not work.
For example, in Ref. 9, as the unknown parameters are in-
creased, the CPU time needed for constructing the Jacobian
matrix will also be increased and, therefore, will slow the rate
of convergence. This phenomenon has been discussed by
Huang and Chao,11 and they concluded that the techniques of
function estimation will be much better than parameter esti-
mation, because the number of unknown parameters are unlim-
ited when using the technique of function estimation. The pres-
ent paper is actually the extended work of Ref. 11, where the
search directions are restricted in the y direction, i.e., the un-
known parameters are y coordinates only. However, for the
present study, we do not con� ne the search directions, i.e., the
unknown parameters become x and y coordinates.

In this paper the steepest descent method (SDM) for the
numerical solution to the inverse geometry problem of iden-
tifying the unknown irregular-shaped cavities from tempera-
ture measurements, based on the boundary element method
(BEM), is considered. Such identi� cation problems can be
stated in various contexts: acoustics, elastodynamics, and ther-
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Fig. 1 System under consideration.

mal sciences, and can lead to applications to NDE techniques
and other identi� cation problems.

The use of the BEM is suggested by the basic nature of the
inverse problem (to search an unknown domain, thus an un-
known surface) because domain discretization is avoided.
More speci� cally, the advantages gained by a BEM-based al-
gorithm are the ability to readily accommodate the changes in
the unknown boundary shape as it evolves from its initial to
its � nal shape and the ability to handle the problem of multiple
internal boundaries.

The present work addresses the developments of the steepest
descent algorithm for estimating unknown cavity shapes. The
steepest descent method derives from the perturbation princi-
ple and transforms the inverse problem to the solution of three
problems, namely, the direct problem, the sensitivity problem,
and the adjoint problem. This method will be discussed in
detail in the following text.

II. Direct Problem
To illustrate the methodology for developing expressions for

use in determining an unknown cavity geometry in a homo-
geneous medium, we consider the following two-dimensional,
steady-state, inverse heat conduction problem. For a domain
V, the boundary conditions along boundaries Gi, i = 1 – 4, are
subjected to the prescribed temperature conditions, T1, T2, T3,
and T4, respectively. The boundary G5 along the unknown cav-
ity is also subject to a known temperature distribution T5. Fig-
ure 1 shows the geometry and coordinates for the two-dimen-
sional physical problem considered here, where the solid dots
denote the sensor locations. The mathematical formulation of
this steady-state heat conduction problem in dimensionless
form is given by

2 2­ T ­ T
1 = 0 in V (1a)2 2­ x ­ y

T = T along G , i = 1– 4 (1b)i i

T = T along G [ f (x, y) (1c)5 5

The preceding problem is solved by the following BEM al-
gorithm.

For a constant property, steady-state heat-conduction prob-
lem with a domain V and boundary G, the boundary integral
equation for this problem without generation term can be de-
rived as12

cT 1 Tq* dG = qT* (2)m E E
G G

where m = point on G or in V, c = 1 if m is in V, c < 1 if m
is on G (c = 0.5 if G is smooth at m), T * = stationary funda-
mental solution, and q* = normal derivative of T *. Therefore,
T * = 1/2p ln(1/r) in two dimensions where r = distance from
m to a point of G.12

Generally speaking, the discretization of G into k boundary
elements allows substitution into the boundary integral Eq. (2),
expressed for each boundary element of the algebraic linear
system

CT 1 HT = Gq (3)

where T is the vector of temperature boundary elements, q is
the vector of boundary heat � ux densities, H and G are the
geometry dependent matrices, and C is the diagonal matrix.

Once all unknowns are passed to the left-hand side and the
knowns are gathered on the right-hand side (RHS), one can
write

AX = B (4)

where X is the vector of unknown T and q on the boundary.
B is found by multiplying the corresponding columns by the
known values of T or q.

The computer program for the preceding problem is modi-
� ed based on the textbook by Brebbia and Dominguez,12 and
linear boundary elements are adopted for all the examples il-
lustrated here.

The direct problem considered here is concerned with the
determination of the medium temperature when the cavity ge-
ometry f (x, y) and the boundary conditions at all boundaries
are known.

III. Inverse Problem
For the inverse problem, the cavity geometry f (x, y) is re-

garded as being unknown, but everything else in Eq. (1) is
known. In addition, temperature readings taken at appropriate
locations are considered available.

Referring to Fig. 1, we assume that M sensors installed in-
ternal to the domain are used to record the temperature infor-
mation to identify the cavity con� guration f (x, y) in the inverse
calculations. Let the temperature reading taken within these
sensors be denoted by Y(xi, yi) [ Yi, i = 1 to M, where M
represents the number of thermocouples. We note that the mea-
sured temperatures Yi contain measurement errors. Then the
inverse problem can be stated as follows: by utilizing the pre-
viously mentioned measured temperature data Yi, estimate the
unknown shape f (x, y) of the cavity.

The solution of the present inverse problem is to be obtained
in such a way that the following functional is minimized:

M

2J[ f (x, y)] = [T 2 Y ] (5)i iO
i=1

where Ti are the estimated or computed temperatures at the
measurement locations (xi, yi). These quantities are determined
from the solution of the direct problem given previously by
using an estimated (x, y) for the exact f (x, y).f̂

IV. Steepest Descent Method for Minimization
The steepest descent method is similar to but simpler than

the conjugate gradient method,13 because the calculation of the
conjugate coef� cient and direction of descent is not needed.
We � nd that it can achieve our goal in the present inverse
study, and it converges very fast. The following iterative pro-
cess based on the steepest descent method is now used for the
estimation of the unknown boundary function f (x, y) by min-
imizing the functional J[ f (x, y)]:

n11 n n nˆ ˆf = f 2 b J9 (6a)

or more explicitly

n1 1 n n nx̂ = x̂ 2 b J9 (x, y) 3 cos u (6b)

n1 1 n n nŷ = ŷ 2 b J9 (x, y) 3 sin u (6c)
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Fig. 2 Graphical analysis of SDM from n to (n 1 1) iterations.

n11 n11 n1 1f̂ (x, y) = f (x̂ , ŷ ) (6d)

where u is the angle between horizontal and normal outward
direction of the unknown boundary as shown in Fig. 2. The
value of u can be calculated for any given con� guration. b n

is the search step size in going from iteration n to iteration
n 1 1, and J9n(x, y) is the gradient in the outward normal
direction.

To perform the iterations according to Eqs. (6a– 6d), we
need to compute the step size b n and the gradient of the func-
tional J9n(x, y). To develop expressions for the determination
of these two quantities, a sensitivity problem and an adjoint
problem are constructed as described next.

V. Sensitivity Problem and Search Step Size
The sensitivity problem is obtained in the following manner

from the original direct problem de� ned by Eq. (1). It is as-
sumed that when f (x, y) undergoes a variation D f (x, y), T(x, y)
is perturbed by T 1 DT. Then replacing in the direct problem
f with f 1 D f and T with T 1 DT, subtracting from the re-
sulting expressions the direct problem, and neglecting the sec-
ond-order terms, the following sensitivity problems for the
sensitivity function DT are obtained:

2 2­ DT ­ DT
1 = 0 in V (7a)2 2­x ­y

DT = 0 along G , G , G , G (7b)1 2 3 4

­T
DT = D f along G (7c)5

­n

where ­T/­n represents the temperature gradient along the nor-
mal direction of G5. The BEM technique is used to solve this
sensitivity problem.

The functional for iteration n 1 1 is obtained bym1 1ˆJ ( f )
rewriting Eq. (5) as

M

n1 1 n n m 2ˆ ˆJ [ f ] = [T ( f 2 b J9 ) 2 Y ] (8a)i iO
i=1

where we replaced by the expression given by Eq. (6a).n11f̂
If temperature 2 b nJ9n) is linearized by a Taylor expan-nˆT ( fi

sion, Eq. (8a) takes the form

M

n1 1 n n n 2ˆ ˆJ ( f ) = [T ( f ) 2 b DT ( J9 ) 2 Y ] (8b)i i iO
i=1

where is the solution of the direct problem at (xi, yi) bynˆT ( f )i

using estimate n(x, y) for exact f (x, y). The sensitivity func-f̂

tions DTi(J9n) are taken as the solutions of problem (7) at the
measured positions at (xi, yi) by letting D f = J9n. The search
step size b n is determined by minimizing the functional given
by Eq. (8b) with respect to b n. The following expression re-
sults:

M M

n 2b = (T 2 Y )DT (DT ) (9)i i i iO YO
i=1 i=1

VI. Adjoint Problem and Gradient Equation
To obtain the adjoint problem, Eq. (1a) is multiplied by the

Lagrange multiplier (or adjoint function) l(x, y) and the re-
sulting expression is integrated over the correspondent space
domains. Then the result is added to the RHS of Eq. (5) to
yield the following expression for the functional J [ f (x, y)]:

M 2 2­ T ­ T2J [ f (x, y)] = [T 2 Y ] 1 l 1 dV (10)i iO E S D2 2­x ­yi=1 V

The variation DJ is obtained by perturbing f by D f and T
by DT in Eq. (1), subtracting from the resulting expression the
original Eq. (1), and neglecting the second-order terms. We
thus � nd

DJ = 2(T 2 Y )DTd(x 2 x )d(y 2 y ) dVi iE
V

2 2­ DT ­ DT
1 l 1 dV (11)E S D2 2­x ­yV

where d(x 2 xi) and d(y 2 yi) are the Dirac delta functions,
and (xi, yi), i = 1 to M, refer to the measured positions. In Eq.
(11), the second domain integral term is reformulated based
on Green’s second identity; the boundary conditions of the
sensitivity problem given by Eqs. (7b) and (7c) are utilized
and then DJ is allowed to go to zero. The vanishing of the
integrands containing DT leads to the following adjoint prob-
lem for the determination of l(x, y):

2 2­ l ­ l
1 1 2(T 2 Y )d(x 2 x )d(y 2 y ) = 0 (12a)i i2 2­x ­y

l = 0 along G , G , . . . , G (12b)1 2 5

The standard techniques of BEM can be used to solve the
preceding adjoint problem. Finally, the following integral term
remains:

­l ­T
DJ = 2 D f (x, y) dG (13a)E F G­n ­nG5

From the de� nition in Ref. 13, the functional increment can
be presented as

DJ = J9(x, y)D f (x, y) dG (13b)E
G5

A comparison of Eqs. (13a) and (13b) leads to the following
expression for the gradient of functional J9(x, y) of the func-
tional J [ f (x, y)]:

­l ­T
J9(x, y) = 2 (14)U­n ­n G5

The calculation of the gradient equation is the most impor-
tant part of the SDM because it plays a signi� cant role in the
inverse calculation.
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Fig. 3 Exact and estimated cavity with further measurements
when using s = 0.0 and M = 40 in test case 1.

VII. Stopping Criterion
If the problem contains no measurement errors, the tradi-

tional check condition speci� ed as follows can be used as the
stopping criteria:

n1 1J [ f (x, y)] < « (15a)

where « is a small speci� ed number and the monotonic con-
vergence can be obtained with the SDM. However, the ob-
served temperature data may contain measurement errors.
Therefore, we do not expect functional Eq. (5) to be equal to
zero at the � nal iteration step. Following the experience of Ref.
13, we use the discrepancy principle as the stopping criterion,
i.e., we assume that the temperature residuals may be approx-
imated by

T 2 Y ’ s (15b)i i

where s is assumed to be a constant.
Substituting Eq. (15b) into Eq. (5), the following expression

is obtained for «:

2« = Ms (15c)

Then the stopping criterion is given by Eq. (15a) with « de-
termined from Eq. (15c).

VIII. Computational Procedure
The computational procedure for the solution of this inverse

problem using the conjugate gradient method may be sum-
marized as follows:

Suppose (x, y) is available at iteration n.nf̂
Step 1. Solve the direct problem given by Eq. (1) for

T(x, y).
Step 2. Examine the stopping criterion given by Eq. (15a)

with « given by Eq. (15c). Continue if not satis� ed.
Step 3. Solve the adjoint problem given by Eq. (12) for

l(x, y).
Step 4. Compute the gradient of the functional J9 from Eq.

(14).
Step 5. Set D f (x, y) = J9n(x, y), and solve the sensitivity

problem given by Eq. (7) for DT(x, y).
Step 6. Compute the search step size b n from Eq. (9).
Step 7. Compute the new estimation for from Eq.n1 1f̂ (x, y)

(6c) and return to step 1.

IX. Results and Discussions
To illustrate the validity of the present inverse algorithm in

identifying irregular con� guration of cavities from the knowl-
edge of temperature recordings, we consider three speci� c ex-
amples where the number of cavities internal to the domain is
assumed to be one, two, and three, respectively.

The objective of this paper is to show the accuracy of the
present approaches in estimating fj(x, y), j = 1 to J, and J is
the number of cavities, with no prior information on the func-
tional form of the unknown cavities, which is the so-called
function estimation. Moreover, it can be shown numerically
that the number of sensors can be reduced when the steepest
descent method is applied.

To compare the results for situations involving random mea-
surement errors, we assume normally distributed uncorrelated
errors with zero mean and constant standard deviation. The
simulated inexact measurement data Y can be expressed as

Y = Y 1 vs (16)exact

where Yexact is the solution of the direct problem with an exact
fj(x, y), and v is a random normal variable generated by sub-
routine DRNNOR of the International Mathematical and Sta-

tistical Library14 and will be within 22.576– 2.576 for a 99%
con� dence bounds.

The advantages of using the steepest descent method are that
1) it does not require a very accurate initial guess of the un-
known shapes and 2) it can be extended easily to the transient
problem where the unknown cavities are function of positions
and time. We now present three numerical experiments in de-
termining f (x, y) by the inverse analysis.

A. Numerical Test Case 1: Single Cavity Estimation

The unknown con� guration of the cavity is assumed to be
a star-shape form as shown in Fig 3. The prescribed temper-
atures along G1, G2, G3, and G4 are 3, 6, 5, and 4, respectively,
whereas the temperature along G5 [ f1(x, y)] is 20. The number
of linear elements used for external and internal boundaries
are both 40, which implies that the unknown parameters of x
and y coordinates are 80 in the present case.

The inverse analysis is � rst performed by using 40 ther-
mocouple measurements (referring to Fig. 3, where the symbol
3 denotes the sensor’s location). When assuming exact mea-
surements (s = 0.0) and using a circle with center at (0,0) and
radius r = 1.5 as the initial guess, the estimated shape of cavity
by using the SDM is shown in Fig. 3 when 25 iterations are
used. It can be seen from this � gure that the scheme obtained
good estimation of f1(x, y), and the CPU time (on a 586-60
MHz personal computer) used in the SDM is about 60 s.

Next, let us see what will happen when the sensors are
moved closer to the unknown cavity. The computational situ-
ations are the same as for the previous problem except that the
thermocouples are arranged as shown in Fig. 4. The inverse
solution using 25 iterations is shown in Fig. 4. It is clear from
Figs. 3 and 4 that the estimated shape of cavity f1(x, y) becomes
more accurate when the sensors are arranged closer to it.

The preceding test cases seem unrealistic because too many
sensors were used in the numerical experiments. Now the
question arises, can the number of sensors be reduced with the
present approach?

Here, for the SDM, the measurement temperatures at sensor
locations represent the internal point heat sources that appeared
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Fig. 5 Exact and estimated cavity when using s = 0.0 and M =
20 in test case 1.

Fig. 6 Exact and estimated cavity when using s = 0.0, M = 20,
and different initial guess in test case 1.

Fig. 4 Exact and estimated cavity when using s = 0.0 and M =
40 in test case 1.

in adjoint Eq. (12a). It is possible to reduce the number of
point heat sources even though it will in� uence the value of
J9(x, y). Now the question is, will this strategy in� uence the
accuracy of the inverse solutions? To answer this, the numer-
ical experiment proceeds to the next case, where the calculat-
ing conditions are the same as were used in Fig. 4, except that
the number of sensors is now reduced to M = 20.

The inverse solutions in predicting f (x, y) under such an
assumption using the SDM are shown in Fig. 5. The compar-
ison of Figs. 4 and 5 reveals that the reduction of the number
of sensors does not make the inverse solutions worse, which
means when the SDM is applied the number of sensors can
be reduced.

However, when the number of sensors is further reduced to
10, the differences between exact and estimated cavities be-
come large. This implies that the number of sensors needed
depends on the required accuracy of inverse solutions, and this
can be done in the numerical analysis before the installation
of experimental sensors.

Now let us see the in� uence of the initial guess on the in-
verse solutions. The computational conditions are the same as
used in Fig. 5, except that the initial guess of the cavity is now
chosen as a circle with the center at (20.7,20.7) and radius r
= 1.0. The estimation of cavity under such an assumption is
shown in Fig. 6. The comparison of Figs. 5 and 6 indicates
that when different shapes and locations of the initial guesses
are used, a consistent inverse solution can still be obtained.

Finally, the measurement errors will be considered. When the
standard deviation of the measurement errors with s = 0.1 and
0.2 are assumed, the simulated inexact measurement tempera-
ture can be obtained from Eq. (16). Here, s = 0.1 and 0.2
represent about 1 and 2% measurement error, respectively, be-
cause the average measured temperature is about 10. In accor-
dance with the discrepancy principle, the stopping criteria can
be obtained from Eq. (15c) when the measurement errors are
considered. The number of iterations needed for s = 0.1 and
0.2 are 19 (45 s CPU time) and 11 (27 s CPU time), respec-
tively. The estimated cavities for these two cases are shown in
Figs. 7 and 8. From Figs. 6– 8 we observe that, as the measure-

ment errors are increased, the accuracy of the inverse solutions
is decreased; however, they are still reliable. Therefore, the pres-
ent technique provides a con� dent estimation.

B. Numerical Test Case 2: Two-Cavity Estimation

To show the ability to handle multiple-cavity estimation, in
the second test case we consider a domain with two unknown
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Fig. 7 Exact and estimated cavity when using s = 0.1 and M =
20 in test case 1.

Fig. 8 Exact and estimated cavity when using s = 0.2 and M =
20 in test case 1.

Fig. 9 Exact and estimated cavities when using s = 0.0 and
M = 40 in test case 2.

internal cavities, i.e., a pentagon and a rectangular shape, as
shown in Fig. 9. The prescribed temperatures along G1, G2, G3,
and G4 are the same as used in numerical test case 1, while
temperatures along G5 [ f1(x, y)] and G6[ f2(x, y)] are taken as
18 and 20, respectively. The number of linear elements used
for the external boundary are 40, and for the internal bound-
aries they are both 20; therefore, the number of unknown pa-
rameters is the same as in case 1.

The inverse analysis is performed by using 40 thermocouple
measurements arranged as shown in Fig. 9, where the symbol
3 denotes the sensor’s location. When assuming exact mea-
surements (s = 0.0) and using two circles with radius r = 0.8
and centers at (24.0, 2.8) and (4.0, 23.0) as the initial guesses,
the estimated shape of cavities by using the SDM is shown
in Fig. 9 using 15 iterations. It can be seen from this � gure
that the scheme obtains reliable estimations of f1(x, y) and f2(x,
y), except for the center region, and the CPU time (on a 586-
60 MHz personal computer) used in the SDM is about 32 s.
The reason for inaccurate estimation near the center region of
the domain is that there are no sensors installed within this
region, thus no temperature readings can be obtained. The na-
ture of the inverse problems lies in that good information
should have been provided to obtain good estimation. When
no sensors are placed in the positions between two cavities,
good information cannot be obtained and, therefore, the esti-
mations become inaccurate.

Next, when the standard deviation of the measurement errors
with s = 0.4 and 0.7 are assumed, the simulated inexact mea-
surement temperature can be obtained from Eq. (16). Here,
s = 0.4 and 0.7 represent about 5 and 9% measurement error,
respectively, because the average measured temperature is
about 8. The inverse solution can be obtained after 3 (11 s
CPU time) and 2 (8 s CPU time) iterations for s = 0.4 and
0.7, respectively. The estimated cavities for these two cases
are shown in Figs. 10 and 11. From Figs. 9– 11, we conclude
that as the measurement errors are increased, the SDM still
produces con� dent inverse solutions.

C. Numerical Test Case 3: Three-Cavity Estimation

In the third test case we consider a domain with three un-
known internal cavities, i.e., circular, rectangular, and trian-
gular shapes as shown in Fig. 12. The prescribed temperature
along G1 is equal to 5, whereas the temperatures along G2[ f1(x,
y)], G3[ f2(x, y)], and G4[ f3(x, y)] are all taken to be 20. The
number of linear elements used for the external boundary are
30, and for the internal circular, rectangular, and triangular
boundaries they are 20, 20, and 15, respectively. Therefore,
the unknown number of parameters of x and y coordinates is
equal to 110 in test case 3.
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Fig. 10 Exact and estimated cavities when using s = 0.4 and
M = 40 in test case 2.

Fig. 11 Exact and estimated cavities when using s = 0.7 and
M = 40 in test case 2.

Fig. 13 Exact and estimated cavities when using s = 0.4 and
M = 40 in test case 3.

Fig. 12 Exact and estimated cavities when using s = 0.0 and
M = 40 in test case 3.

The inverse analysis is performed using 40 thermocouple
measurements arranged as shown in Fig. 12, where the symbol
3 denotes the sensor’s location. When assuming exact mea-
surements (s = 0.0) and using three circles with radius r = 1.0
and center at (23.5, 4.0), (0, 22.0), and (3.5, 4.0) as the initial
guesses, the estimated shape of cavities by using the SDM is
shown in Fig. 12 after 15 iterations. It can be seen

from this � gure that the scheme obtains a reliable estimation
of f1(x, y), f2(x, y), and f3(x, y), except for the center region,
and the CPU time (on a 586-60 MHz personal computer) used
in the SDM is about 35 s. The reason for inaccurate estimation
near the center region of the domain is the same as in numer-
ical test case 2, because no temperature readings were obtained
within this region.
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Fig. 14 Exact and estimated cavities when using s = 0.9 and
M = 40 in test case 3.

Next, when the standard deviation of the measurement errors
with s = 0.4 and 0.9 are assumed, the simulated inexact mea-
surement temperature can be obtained from Eq. (16). Here, s
= 0.4 and 0.9 represent about 4 and 9% measurement error,
respectively, because the average measured temperature is
about 10. The inverse solution can be obtained after 6 (20 s
CPU time) and 3 (11 s CPU time) iterations for s = 0.4 and
0.9, respectively. The estimated cavities for these two cases
are shown in Figs. 13 and 14. From Figs. 12– 14, we conclude
again that when the measurement errors are considered, the
SDM performs well in this inverse geometry problem in esti-
mating the unknown shape of cavities.

From the preceding three numerical test cases, we learned
that the SDM in estimating unknown multiple cavities does
not need any assumptions such as the cubic spline � tting used
in Ref. 9. When unknown cavities have some sharp corners,
such as the shape used in case 1, the SDM can still be applied
to obtain good estimation, but a cubic spline APG algorithm
may not perform well because cubic spline � tting cannot pro-
duce any sharp corners.

X. Conclusions
The SDM together with the BEM were successfully applied

for the solution of the inverse problem to determine the un-
known irregular cavities con� guration by utilizing temperature
readings. Several test cases involving different shape, location,
and number of cavities were examined, and the measurement

errors were also considered. The results show that the SDM
does not require accurate initial guesses of the unknown quan-
tities, does not need any extra assumptions such as a cubic
spline � tting, needs a very short CPU time on a 586-60 MHz
personal computer, estimates the multiple unknown cavities
easily, and is not sensitive to the measurement errors when
performing the inverse calculations.
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